The statistical scattering properties of wave transport in disordered waveguides are derived perturbatively within the transition matrix formalism. The limiting macroscopic statistic of the wave transport, emerges as a consequence of a generalized central-limit-theorem: the expectation values of macroscopic observables depend only on the first and second moments of the reflection matrix of individual scatterers. This theoretical approach does not consider any statistical assumption on the scattering properties of the individual scatterers and it is fully consistent with the optical theorem. The results are found in the so called dense-weak-scattering limit and in the ballistic regime.
The statistical scattering properties of wave transport in disordered waveguides are derived perturbatively within the transition matrix formalism. The limiting macroscopic statistic of the wave transport, emerges as a consequence of a generalized central-limit-theorem: the expectation values of macroscopic observables depend only on the first and second moments of the reflection matrix of individual scatterers. This theoretical approach does not consider any statistical assumption on the scattering properties of the individual scatterers and it is fully consistent with the optical theorem. The results are found in the so called dense-weak-scattering limit and in the ballistic regime.
I. INTRODUCTION
Scaling and universality [1] are fundamental concepts in the description of wave transport through random and complex media [2, 3] . The basic physical assumption underlying these concepts is that the transport properties of systems probed at length scales much larger than the transport mean free path, ℓ, should be insensitive to the microscopic details needed to specify completely the system. Remarkable phenomena such as coherent enhanced backscattering [4] , universal conductance fluctuations [5] and the underlying correlations between transport coefficients [6, 7] , or the shape of the conductance distributions in the diffusive and localisation regimes [8, 9] were found to be independent of the microscopic details.
In general, the statistical properties of wave transport [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] present significant regularities in the sense that the limiting macroscopic statistic of macroscopic observables involves a rather small number of physical parameters. This signals the existence of a generalised central limit theorem (CLT), in analogy with the familiar CLT in statistics: once the scaling parameters are specified, the limiting statistics is universal.
Early work had already shown that a certain class of models, in the dense weak scattering limit (DWSL), displays a universal limiting distribution specified by the mean free path (MFP) as the only scaling parameter, confirming the validity of the scaling hypothesis. This result was obtained by using the DMPK multichannel scattering approach (after Dorokhov [12] and Mello, Pereyra and Kumar [11] ). The same results were obtained from the non-linear sigma model [18] , which was shown to be equivalent to the DMPK [19] . In spite of the successes of these approaches, the DMPK theoretical description of the scattering processes is not fully rigorous since it does not fulfil the Optical Theorem (OT): A key assumption of these scaling approaches is the hypothesis of isotropic distribution of phases or isotropy hypothesis (i.e. the phases of the scattering and transfer matrices are statistically independent and uniformly distributed [20, 21] ), which imposes a null value for the scattering amplitude in the forward direction, while the average of the total scattered flux is not zero, in disagreement with the OT. Our main goal here is to demonstrate the existence of a limiting macroscopic statistic, consistent with the OT, emerging as consequence of a generalized Central Limit Theorem in the ballistic regime.
Most previous studies [10] [11] [12] were mainly focused on the diffusive ℓ ≪ L ≪ ξ and localised ξ ≪ L regimes, where L denotes the length of the disordered system, while ξ denote the localisation length. When the scattering is isotropic (e.g. scattering units smaller than the wavelength and uniformly distributed through the bulk of the system), the excellent agreement of the DMPK predictions concerning the full conductance distributions in the crossover region between diffusive and localised regimes [9] , suggests that, once the system is deep inside the diffusive regime, i.e. L ≫ ℓ, the isotropy hypothesis is a very good approximation although, from a fundamental point of view, not fully satisfactory. Even in the crossover from the ballistic to diffusive regimes, L ℓ, the DMPK scaling approach is able to capture the transition from negative to positive intensity-intensity correlations [7] and the conductance fluctuations at subdiffusion scales [7, 22] .
The isotropy hypothesis can not be apply if one is interested in situations when the scattering is not isotropic, as in samples with rough surfaces and no bulk disorder [14] . A clear example was given in [9] where the conductance distribution was studied in the crossover region between diffusive and localised regimes. For waveguides with bulk disorder the description is excellent [9] , whereas it fails to describe the results of waveguides with surface disorder [8] . This has motivated several attempts to extend the CLT beyond the simplified hypothesis of isotropy. In reference [13] a limiting distribution wider than that of Ref. [11] was found by Mello and Tomsovic (MT), in which the "isotropy" of phases was not implemented to a large extent. The central result was also found in the DWSL, where an evolution equation for the expectation value of macroscopic observables was derived. The MT description, depends only on the microscopic details through the channel-channel ℓ aa0 and the scattering ℓ a0 mean free paths for the various scattering processes that may occur. As an extension of these results, a CLT was found [15] using a Fokker-Planck description of the evolution of the expectation value of different physical quantities as a function of the length of the system. An important improvement of Ref. [15] compared with the MT result was that the energy of the incident particle was fully taken into account. The introduction of the different mean free paths ℓ aa0 and ℓ a0 capture the physics when the difference in behavior of the various modes becomes relevant in the wave transport, as it is the case of the wave transport through waveguides with surface disorder [14] where the DMPK approach does not give a suitable description. However, none of these previous works provide a CLT fully consistent with the conditions imposed by the Optical Theorem. As we will show here, a consistent approach to obtain the limiting macroscopic statistics requires a proper description of the role of evanescent modes; for instance, in Ref. [17] it is shown that the channel dependent effective wave number k eff of disordered waveguides, is quite sensitive to the influence of the evanescent modes.
The motivation of the present work is to study the statistical scattering properties of disordered systems in the ballistic regime where the scattering anisotropies and the Optical Theorem plays a transcendental role. The aim is to demonstrate the existence of a limiting macroscopic statistics, which emerges from a more general central limit theorem than those ones found in previous works. Since in the ballistic regime the lowest order processes in multiple scattering dominate the response of the system, we use perturbation theory to study the statistical scattering properties of the system within the transition matrix formalism [23, 24] . We show the existence of a generalized Central Limit Theorem, in the sense the expectation values depend on the microscopic details of the disorder through the first and second moments of the extended reflection matrix elements of the individual scatterers. The CLT found in the present work, present important fundamental differences with respect to the CLT's found in previous works: i) The energy of the incident particle is fully taken into account, ii) This CLT allows us to identify the order in multiple scattering of the wave transport, where open and closed channels transitions are included through the statistical moments iii) The derivation of the present CLT, does not contain any assumption on the statistical scattering properties of the individual scattering units and iv) the results are fully consistent with the Optical Theorem.
The paper is organized as follows. In Sec. II we describe the theoretical model of the disordered system and summarise its statistical scattering properties. The scattering problem is defined in the transition matrix formalism and the Flux Conservation property and Optical Theorem are also introduced. In Sec. III, the statistical properties of the wave transport of the disordered system are studied perturbatively by using the transition matrix method. The resulting series expansion relates the statistical average of the macroscopic observables of interest, with the microscopic statistic of the disordered system, what allows us to identify the role of the multiple scattering processes in the macroscopic observables of interest. In Sec. III, we also obtain, in the dense-weak-scattering limit and in the ballistic regime, the generalized centrallimit theorem, that gives rise to the limiting macroscopic statistics of the wave transport, where only the first and second statistical moments of the extended reflection matrix of the single scatterers are relevant, while higher order moments play no role. In Sec. IV the scaling parameters of previous descriptions are recovered in the so called short-wavelength approximation and when the evanescent transport is not relevant. We finally conclude in Sec. V.
II. THE DISORDERED SYSTEM AND ITS SCATTERING PROPERTIES
Here we introduce our model system and summarise some key concepts of the wave scattering in a quasi-one dimensional (Q1D) disordered systems, where the propagation is constricted to one direction. We consider the wave equation
inside a waveguide with impenetrable walls and uniform cross section W , so boundary conditions impose Ψ (x, 0) = Ψ (x, W ) = 0. A bulk disordered region of length L, divides the waveguide into two, otherwise clean (U = 0 ), left (x < 0) and right (x > L) leads: see Fig. 1 . The lateral confinement defines a set {χ b (y); b = 1, 2, · · · } of orthonormal transversal eigenfunctions
The asymptotic wave function deep inside the leads can be described as a linear combination of propagating or traveling modes
where 
A. Scattering Theory in a 2D waveguide
Consider an incoming wave in the open channel a 0 , Φ σa0 (ρ). The wave equation (1) , can be written as a Lippmann-Schwinger integral equation
being G 0 (ρ, ρ ′ ) the Green function of the clean waveguide. The expansion of Ψ σa0 (ρ) and G 0 (ρ, ρ ′ ) in the basis of transversal modes,
allow us to transform Eq. (4) into a set of coupled equations for the longitudinal components [3, 24, 25] :
where we have defined the matrix elements
The set of coupled equations of Eq. (7) can be rewritten in the following compact vectorial form
or equivalently
where T (x ′ , x ′′ ) denotes the transition matrix operator.
Scattering and Transition matrices in a waveguide
The wave transport properties are described by means of the well known 2N × 2N open channels or reduced scattering matrix
which relates open channel outgoing-and incoming-wave amplitudes in the asymptotic region. The reflection, r aa0 , and transmission, t aa0 , elements give the asymptotic outgoing wave amplitude in channel a for an in-
equivalent expressions for the elements of r ′ and t ′ are obtained from waves incoming from right to left.
The reflection and transmission amplitudes are related to the elements of the transition matrix T,
as
It is important to emphasise that flux conservation (FC) lead to the following constrictions
where T aa0 = |t aa0 | 2 and R aa0 = |r aa0 | 2 denote, respectively, the individual channel-channel transmission and reflection coefficients, while T a0 and R a0 represent the total transmission and reflection coefficients when the incidence is given in the channel a 0 . In terms of the transition matrix elements, flux conservation implies
which is also known as the Optical Theorem (OT). Any possible microscopic realization of the disorder must be consistent with the FC property and the OT given in Eq. (16).
B. The disordered region
The disordered region, which hereafter shall be called the Building Block (BB), is represented by the random potential U (x, y) (in units of k 2 ) shown schematically in Fig. 1 : The potential is a sequence of n (n ≫ 1) statistically independent and identically distributed thin scattering units of thickness δ (with kδ ≪ 1) and separated one each other by a fixed distance being the filling fraction; therefore, the potential model of the BB is given by
where u r (y) is an arbitrary potential profile, whose matrix elements are given by (
The statistical properties of the potential are contained in the moments of the potential matrix elements. We indicate the qth moments as
We assume, for simplicity, that all the statistical oddmoments of the potential matrix elements vanish
Concerning the even moments, we shall find it convenient to make the change of variables (20) and considerũ r (y), the distribution of (ũ r ) bb ′ and the corresponding moments, µ (ũr) , independent of the slice thickness δ. Then, in this statistical model, the even moments scale with δ as
In this section we study perturbatively the statistical scattering properties of the BB in the ballistic regime, where the length L of the BB is much smaller than the transport or elastic mean free path ℓ (see Sec. IV); in this regime, the lowest order contributions in multiple scattering dominate the wave transport through the BB. The aim is to obtain the macroscopic statistics of the BB in terms of its microscopic statistics.
In our perturbative analysis, we first consider that, in the limit δ ≪ λ, the wavefunction Ψ is constant along the wave propagation direction x inside each potential slice [see Appendix A]. The set of coupled LippmannSchwinger equations, Eq. (7), can be formally solved using the standard perturbative technique of Ref. [23] . The perturbative analysis discussed below is focused on the statistical average or expectation values of the complex transition matrix elements T can be written as a series expansion in powers of thẽ r r -matrices of the single slices
where each circle denotes a scattering event given by ther r -matrix of a slice and the continuous line between two circles, corresponding to two different slices r i = r j , represents the diagonal matrix whose elements are the phase factors e ik b |xr i −xr j | . Each restricted sum symbol contains the ensemble averages of different multiple scattering process between a fixed number of scatterers; for instance, the second sum symbol with r 1 = r 2 contains all the multiple scattering processes between couple of slices, where any circle denotes a scattering event given by ther-matrix of a thin slice. The number of circles within each diagram of Eq. (22) 
we can then rewrite Eq. (22) in the following way
In Eq. (24), the quantities between square brackets, [· · · ] s , contain the phases involved in a multiple scattering process between s slices; for instance, 
involves 4 scattering processes between s = 3 scattering units. The resulting expressions given in Eqs. (24) shows that the series expansion of the first moment T In order to obtain the limiting macroscopic statistic of the BB, it is convenient to use a simplified mathematical limit, where the BB can be considered as a continuous system. For that purpose, we use a generalization of the so called dense weak scattering limit (DWSL), which has been used to obtain limiting macroscopic statistics in previous studies [10, 11, 13, 15, 17] . In the DWSL, the individual scattering units are considered extremely weak, the number of scatterers n goes to infinity, the distance between consecutive slices d = f −1 δ tends to zero (dense or continuous limit), but the length L of the BB remains fixed, i.e.,
In addition, the different moments of the generalized reflection matricesr [see Eqs. (A9) and (A15)], µ
as the slice thickness goes to zero [see Eq. (A19)].
We can now proceed to analyse the series expansion of Eq. (24) in the DWSL defined by Eqs. (26) . We first notice that in the dense limit, Eq. (26a), the restricted sums over scattering units in Eq. (24) transform into integrals
. . . ; (27) therefore, each square bracket quantity, [· · · ] s in Eq. (24) (involving s different slices) scales as
Second, we also notice that each term involving s scattering units contains the product of s different moments
From Eqs. (26) and (28), it is easy to conclude that, in the DWSL, all those terms containing q i -moments higher than 2 do not contribute to the expansion of T
The above analysis demonstrates that, in the DWSL, the expectation value T σ ′ σ aa0 L of the BB, depend only on the microscopic details through the first and second moments of the slices f α (1)
where f α
bb ′ and f α (2) bb ′ cc ′ have the units of inverse lengths. Second moments of the transition matrix elements, |T
, as well as higher moments, depend on the microscopic statistics through µ (q ′ ,q) b1···b ′ q , which also involves complex conjugate matrix elements. A completely similar procedure allows us to find the additional set of second order moments 
bb ′ cc ′ , which show that the limiting macroscopic statistics depends only on microscopic details through the first and second statistical moments ( r r ) bb ′ , Eq. (30).
The analysis presented here, signals the existence of a generalized central-limit theorem (CLT) for the statistical scattering properties of the BB: once the first and second moments of the generalized reflection matrix elements are specified, the macroscopic statistics of the BB is universal and independent of other microscopic details.
IV. SCALING PARAMETERS IN THE SHORT WAVELENGTH APPROXIMATION
Although the CLT shows that all microscopic details are contained in just the first and second moments of the generalized reflection matrix elements, the macroscopic statistics of the BB still depends formally on an infinite number of statistical parameters related to channelchannel transitions involving both open and (an infinite number of) closed channels indexes. This is in contrast with the rather small (finite) set of characteristic lengths, or mean free paths (mfp), ℓ, ℓ aa0 , ℓ a0 and ℓ ′ a0 found in previous theoretical studies [9, 13, 15, 17] . However, these characteristic lengths can be identified as some of the relevant statistical moments introduced in Eqs. (30)- (31):
In order to understand this difference, we notice that the derivations of previous theoretical works, consider physical situations in which the incident wavelength λ is much smaller than both, the elastic mean free path
and the length of the system, i.e., λ ≪ ℓ, L. If we denote symbolically any characteristic length ℓ aa0 , ℓ a0 , ℓ ′ a0 as ℓ and any real or imaginary longitudinal wave number k b simply by k, the relation
defines the so called short-wavelength approximation (SWLA), because its similarity to the geometrical optics limit [15, 26] . The approximation kℓ ≫ 1, which is best known in the literature as the weak disorder condition [27] , has been used widely in the derivation of previous theoretical approaches for the wave transport in disordered systems. Let us consider again the square brackets, [· · · ] s in Eq. (24) . It is easy to see that any multiple scattering contribution to the average of the channel-channel a 0 → a transition matrix elements that take place through any intermediate evanescent channel b 1 > N (i.e., k b1 = iκ b1 ), contains an exponential factor e −κ b 1 |xr i −xr j | (x ri = x rj ), which, in the DWSL, give rise to contributions of the order or smaller than e −κ b 1 L ; therefore, these terms can be neglected in the SWLA, Eq. (34). The same applies for higher moments of the transition matrix elements. This is valid as long as the wave number k is far from a mode threshold, where κ b1 = k (πb 1 /kW ) 2 − 1) can be ∼ 0 when b 1 = N + 1 is the first evanescent mode; therefore, transport through evanescent modes can be neglected in the SWLA provided N kW/π N + 1 (see App. A 2).
As an example of an application of the SWLA, we explicitly compute the the dominant contributions [of the order ∼ 1/(kℓ) 0 ] to the averaged transmission amplitude [see Appendix C for details]
In this simple case, the only characteristic lengths that appears are ℓ a0 and ℓ ′ a0 . This result is consistent with a previous work based on the Born series expansion discussed in Ref. [17] , where ℓ ′ a0 and ℓ a0 are connected with the effective wave number in disordered waveguides. In App. A 1, it is demonstrated that the scattering MFP ℓ a0 and the channel-channel MFP's ℓ aa0 are related by
which is consequence of the Optical Theorem for a single slice, Eq. (A12). Equation (36) shows that it is not possible to impose arbitrary assumptions on the statistical scattering properties of the individual scatters. For instance, in the well known isotropic distribution model of phases (IM) [10, 20, 21] , the complex phases of the polar representation of the scattering matrix [3] , are assumed statistically independent and uniformly distributed, which leads to the following expressions
here |( rr)aa 0 | 2 (IM) and ( rr)a 0 a 0 (IM) denote, respectively, the statistical averages in the IM model of the reflection coefficient and reflection amplitude of a single slice. However, the IM model expressions of Eq. (37), are not consistent with the OT constriction of Eq. (36). Even though the optical theorem does not give any information about Im (rr)a 0 a 0 , the length scale
was introduced in Ref. [17] , which captures the closed channel influence on the statistics of the scattering amplitudes of a disordered waveguide.
V. CONCLUSIONS
In the present work we demonstrate that the limiting macroscopic statistics of disordered waveguides emerges as consequence of a generalized Central Limit Theorem, in the sense that the expectation values of macroscopic observables depend only on the microscopic details of the disorder through the first and second moments of the generalized reflection matrix elements of the individual scatterers. In contrast with previous approaches, the CLT found in the present work is consistent with the optical theorem. This is an important fundamental issue since the well known hypothesis of isotropic distribution of phases, used as the starting point of earlier works, does not satisfy the optical theorem relation. This assumption imposes a null value for the scattering amplitude in the forward direction, while the average of the total scattered flux is not zero. In addition, the optical theorem also showed the way forward to introduce the new characteristic length ℓ ′ a0 , Eq. (38), that captures the closed channel contributions in the macroscopic statistic of disordered waveguides.
The generalized CLT represents some other important advantages compared with previous ones: i) The energy of the incident particle is fully taken into account. ii) This CLT allows us to identify the order in multiple scattering of the wave transport, where open and closed channels transitions are included through the statistical moments of Eqs. (30)-(31) . iii) The derivation of the present CLT, does not contain any assumption on the statistical scattering properties of the BB, or on the statistic of the individual scattering units. Let us consider the simple case of a single slice. Since λ ≫ δ, the wave function can be assumed to be constant inside the slice along the wave propagation direction x, i.e.
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(A1) Evaluating Eq. (7) inside the slice, we obtain
where we have defined 
whose solution is given by
I being the identity matrix. By substituting Eq. (A5) into the Eq. (7) for a single slice, it is easy to find the wave function outside the scatter
where we have defined the T r -matrix as
notice that in Eq. (A6), channel b can be either an open (propagating mode) or a closed (evanescent mode) channel, as discussed in Ref. [17] . The T r -matrix defines the (dimensionless) generalised reflection matrixr r of a single slice asr
From Eqs. (11) and (14), we obtain the transition matrix operator for a subwavelength slice,
and the corresponding transition matrices
The reflection and trasmission amplitudes follow directly from Eqs. (15) r aa0 = (r r ) aa0 e i(ka 0 +ka)xr , (A11c)
It is easy to check that the above relations fulfil the Optical Theorem, Eq. (16c), for a single slice:
and impose the following statistical constrictions for the statistical averages
2. Statistical moments of ther-matrix
In the weak scattering limit [17] ,r r can be expanded in a Born series
This expansion is valid as long as any wave number k b is far away from the threshold of the last propagating mode and the first evanescent mode. This avoids the resonant phenomena arising from the strong coupling to the first evanescent mode, that appears when k b ∼ 0 near to the threshold of a new propagating mode [28] . Let us define µ (q ′ ,q) b1···b ′ q as the moments of order q involving the products of (q − q ′ ) matrix elements and q ′ complex conjugates, i.e.
In the limit of very thin slices (δ → 0), the statistical moments of the (complex)r r elements [that can be obtained from Eq. (A14) together with Eqs. (19) and (21)] are found to obey the following scaling laws with δ:
where α (··· ) ··· and η (··· ) ··· are, in general, complex quantities that depend on k, but do not depend on δ.
In summary, 2p-moments and (2p − 1)-moments of the generalized reflection matrix elements scale with the slice thickness as δ p .
Appendix B: Perturbative expansion
The set of Lippmann-Schwinger coupled equations [Eqs. (7), (10) and (11)] for our set of n scattering units (slices) can be written in compact form as
where the wave function inside each slice has been considered constant. The Lippmann-Schwinger equations, Eq. (10), allows us to evaluate the solution inside the slice located at x = x r1 as
notice that we have separated the self interaction contributions of the scatterer centered at x r1 (second term on the right hand side), from those interactions coming from rest of the scatterers x r2 = x r1 (third term on the right hand side). The above equation gives rise to the following relation
where the T -matrix of the slice r 1 has been used: see Eq. (A7). In analogy with the standard perturbation theory of Ref. [23] , the iteration of the recursion relation of Eq. (B3), allows us to write the transition matrix operator T (x, x ′ ), Eq. (11), into a series expansion in powers of the individual T r of the single slices, Eq. (A10), i.e.,
which can be formally written as a diagrammatic expansion: 
Here each circle denotes a scattering event given by the T r -matrix of a delta slice, Eq. (A10), the continuous line between two circles, represents the diagonal matrix −G 0 (x r1 , x r2 ) ≡ −G 0 (1, 2) , whose elements are the channel Green functions −g 0 (k b ; x r1 , x r2 ) = −ie ik b |xr 1 −xr 2 | /2k b connecting two different slices, being b any possible open or closed channel: see text below Eq. (22) .
It is important to notice that Eq. (B5), does represent a series expansion in multiple scattering, where the number of circles in each diagram specifies the order in multiple scattering; however, to obtain the limiting macroscopic statistics of the BB, it is convenient to reorganize the diagrammatic series of Eq. (B5), in terms of restricted sum symbols, each one containing all the multiple scattering contributions between a fix number of scatters; for instance, the second, third and fifth diagrams of Eq. (B5) can be grouped into the restricted sum symbol for r 1 = r 2 , which contains all the multiple scattering contributions between two slices. Once the series expansion of T aa0 (x ′ , x ′′ ) is rewritten in this convenient form, 
+ n r1 =r2 =r3 =r4 r3 =r1 =r4 =r2
the resulting expression is introduced in Eq. (14) to calculate the transition matrix elements In order to understand the effects of the SWLA and the inclusion or omission of the evanescent modes in the macroscopic statistics, we use the perturbative technique of Sec. III A, to obtain, the average of the diagonal transmission matrix amplitudes of a disordered wire. From Eq. (24) , and in the DWSL, Eq. (26), we have 
a0a0 , is the first order in multiple scattering, while those terms proportional to (α 2 , so they can also be neglected in the SWLA. An equivalent analysis shows that non-diagonal terms t aa0 L are of the order of ∼ 1/(kℓ). In this simple case, it is possible to sum the whole series of the dominant contributions [which are of the order ∼ 1/(kℓ) 0 ], giving rise to the Eq. (35).
